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Abstract 
In a given network with n vertices, a routing is defined as a set of n(n - 1) paths, one path 
connecting each ordered pair of vertices. The load of a vertex is the number of paths going 
through it. The forwarding index of the network is the minimum of the largest load taken over 
all routings. We give upper bounds on the forwarding index in k-connected digraphs and in 
digraphs with half-degrees at least k. Related conjectures are proposed. 
1. Introduction and general bounds 
In a communication network data, messages, etc. are transmitted from each node to 
any other node. A convenient way of ensuring this, as proposed in [l], is to design 
a route between each ordered pair of nodes. For the design of networks, a natural 
restriction is to assume that each node/line has a small load, i.e., is contained in a small 
number of those routes. On the other hand. for a given network, it would be useful to 
know the minimum value of the largest load occurring at a node/line, taken over all 
routings. The purpose of the present paper is to study upper bounds on the load of 
nodes/lines in directed networks. Up to now, results were known for the undirected 
case only (see [l--5,7-10]), while results about the complexity of this problem. always 
for the undirected case, are given in [6, 111. 
Since a directed network is naturally modelled by a digraph, throughout we will 
speak about digraph, path, vertex and arc instead of directed network, route. node 
and line. 
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Formally, D = (V, E) denotes a digraph, with vertex set V(D) and arc set E(D). 
Throughout, we let n denote the number 1 V(D)1 of vertices. A routing R in D is a set of 
n(n - 1) paths specified for all ordered pairs of vertices of D (one path for each pair). 
The load ((0, R, v) and rc(D, R, e) of a vertex v and of an arc e is the number of paths of 
R containing v (as an internal vertex) and e, respectively. The vertex forwarding index 
t(D) and the arcforwarding index 7-c(D) of D are defined as the minimum value of the 
largest load of a vertex, resp. an arc, taken over all possible routings. If R is considered 
as routing with shortest paths between each pair of vertices, then the corresponding 
vertex and arc forwarding index will be denoted by t,,,(D) and rc,(D), respectively. 
A digraph D is k-connected (sometimes called k-strongly connected in the literature) 
if for any pair x, y of vertices there are k pairwise vertex-disjoint directed paths from 
x to y in D. When k = 1, for simplicity, we say that D is strong. In a strong digraph, we 
let d(x, y) denote the directed distance from x to y, i.e., the length (= the number of 
arcs) in a shortest path starting at x and ending at y. A digraph is said to have 
half-degrees at least k if each of its vertices has in-degree and out-degree at least k. 
If A, B are disjoint subsets of V(D), then R(A, B) denotes the set of paths from A to B 
belonging to the routing R. Furthermore, T+(A) denotes the set of those vertices of 
V(D) - A which are dominated by at least one vertex of A. When A = {x} and B = {y}, 
for simplicity we write r+ (x) and R(x, y) instead of r+ ({x}) and R( (x}, { y}), respectively. 
We let C,” denote the digraph consisting of r vertices x1, x2, . . . ,x, and the set of 
arcs {(xi, xj) 1 i + 1 < j d i + m; i, j considered modulo r}. Clearly, CF is m-connected 
for every r 3 2m + 1. Finally, K,h denotes the complete symmetric digraph on 
n vertices, K:, 4 denotes the complete symmetric bipartite digraph with p, resp. 4, 
vertices in its classes, and S, denotes an independent set on r vertices. 
The aim of our paper is to prove upper bounds on t(D), t,,,(D), z(D), and z,(D) for 
k-connected digraphs (Section 2), and digraphs with minimum half-degrees k (Section 
3). Even in the latter, we shall assume that the digraphs in question are strong (as this 
is a trivial necessary requirement in order that a routing be defined on D). 
We conclude this introduction with some simple general bounds on the forwarding 
index as follows. 
Proposition 1.1. Let D be a strong digraph of order n. Then 
(9 (lln)C,.y+X(d(x, y) - 1) G 5(D) d MD) G (n - l)(n - 2) and 
(ii) the equalities (l/n)CX&+,(d(x, y) - 1) = 4(D) = t,,,(D) hold if and only if there 
exists a routing of shortest paths in D that loads every vertex equally. 
The proof is very similar to that of the undirected case (see [l, 91) and therefore it is 
omitted. (For the upper bound of (i), see also Theorem 2.2 below.) 
Proposition 1.2. Let D be a strong digraph of order n. Then 
(9 (l/lE(D)lC,,YE,,,, d(x, y) d z(D) < n,(D) < (n - l)(n - 2) + 1, and 
(ii) the equalities (l/IE(D)J)C x,ysVCDjd(x, y) = z(D) = n,(D) hold ifand only ifthere 
exists a routing of shortest paths in D that loads every arc equally. 
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Proof. The maximum number of paths passing through an arc (x, y) is at most the 
total number n(n - 1) minus the number of paths having x as their end vertex (resp. 
y as their start vertex). Therefore z,(O) d rz(n - 1) - 2(n - 1) + 1, as the path from 
x to y should be counted just once. Thus, n,(o) d (n - l)(n - 2) + 1. which is the 
claimed upper bound in (i). 
The proofs for (ii) and for the lower bound of(i) are almost identical to the ones 
given in [IS] and therefore we omit the details. 0 
In Proposition 1.2, the upper bound of(i) is attained by a digraph consisting of two 
vertices x and y, an independent set S of n - 2 vertices, the arc (x, y), and all arcs from 
S to x and from y to S. The lower bound of(i) is attained by the digraph C,‘, n > 3. 
2. Vertex-connectivity 
We begin with formulating a conjecture concerning the upper bound on the vertex 
forwarding index of k-connected digraphs. 
Conjecture 2.1. Let D be a k-connected digraph of order n, n 3 2k, k 3 1. Then 
4(O) d r(n - k)(n - k - 1)/k]. 
If the above conjecture is true, then the bound is the best possible as shown by the 
complete bipartite digraph K z, n _ k. For k = 1, the upper bound is verified in Proposi- 
tion 1.1. Also, some support can be obtained from the following theorem. 
Theorem 2.2. Let D be a k-connected digraph of order n, n >, 2k, k 3 1. Then c(D) < 
(n - l)r (n - k - 1)/k 1. 
Proof. Let m denote the smallest integer bigger than or equal to (n - 1)/k. We define 
a routing R in D as follows. For a vertex x of D, we partition the vertices of D - _Y into 
m subsets Ai, AZ, ,A, with cardinalities IAil = lAzl = ... = (A,_11 = k and 
I&( = y1 - 1 - k(m - 1). Then, by applying Menger’s theorem, define k paths from 
x to each of the subsets Aj, j = 1, . . . , m - 1, and (A,1 disjoint paths from x to A,. 
One can see that the load of each vertex z, z # x, is at most m - 1 in such a routing 
(since the vertices of Aj are not loaded by the paths from x to Aj). Doing this 
construction for every vertex of D, we therefore obtain [(D, R, z) d (n - l)(m - 1) = 
(n - 1) (r (n - 1)/k] - 1) = (n - l)r (n - k - l)/kl. 0 
One can also observe that the method of the previous proof leads to a polynomial 
algorithm for finding a routing R with <(D, R) < (n - l)r (n - k - 1)/k] in a k- 
connected digraph of order IZ. Furthermore, almost the same argument yields the 
following upper bound on the arc forwarding index of k-connected digraphs. 
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Theorem 2.3. Let D be a k-connected digraph of order n, k 2 1, n 3 3. Then 
n(D) d (n - l)r (n - k - 1)/k] + 1. 
Although we do not know if the upper bound of this latter theorem is sharp, we 
think that it is not far from being the best possible. A fairly good lower bound is shown 
by the digraph D consisting of two complete symmetric digraphs A = K$, B = Kz, an 
independent set Sn_2k, a matching of k arcs from A to B, and all arcs from B to 
and from S,,_ 2k to A. This digraph D satisfies x(D) = n(D, R, e) = 
s’;i’” n)/k I- 2n + k + 2, for any arc e from A to B. We conjecture that this graph 
provides the worst case for every sufficiently large n. 
Conjecture 2.4. Let D be a k-connected digraph of order n, n > 3k and k 3 1. Then 
x(D) < r (fi2 - n)/k 1 - 2n + k + 2. 
We recall that the above conjecture is proved for k = 1 by Proposition 1.2 and 
Theorem 2.3. Also, since the argument of the proof of Theorem 2.3 and the extremal 
graph of Conjecture 2.4 both remain valid under the hypothesis that D is k-arc- 
connected, we expect that “k-connected” can be replaced by “k-arc-connected” in 
Conjecture 2.4. 
In Theorem 2.5 below, we deal with the forwarding index t,,,(D) of shortest paths in 
k-connected digraphs. 
Theorem 2.5. Let D be a k-connected digraph of order n, n 3 2k + 1. Then 
(i) 4,(D) < n* - (2k f 1)n + 2k, 
(ii) the upper bound of(i) is sharp in the sense that there is an infinite family of 
k-connected digraphs D satisfying &,,(D) = n2 - (2k + 1)n + 2k. 
Proof. (i) For each vertex x of D, set A, = r+(x) and B, = r+ (A,) - {x}. Clearly, 
lAxI 3 k. We shall also use the following fact: 
Claim 1. (A,[ + J&I 3 2k. 
Proof of Claim 1. Since n > 2k + 1, it suffices to prove that (B,I 3 k whenever 
A,uB,u (xl # Y(D). Let y be a vertex in V(D) - ~AxuBxu(x)]. Since D is k- 
connected, there exist k internally vertex-disjoint paths from x to y. Each of them 
contains an arc from A, to B,. Those arcs form a matching of size k between A, and 
B,. Consequently, the cardinality of B, is at least k. 0 
Now we define a routing R, of shortest paths in D as follows: 
(i) For each vertex x of D, the paths of R,, of length one starting at x are the arcs 
from x to A,. 
(ii) For each vertex x of D, at least y = yX = min(k, (&I) paths of R, of length two 
starting at x are defined as follows: Since D is k-connected and k 3 y, there are 
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;’ vertices b,, h2, . . . , b, in B, and y paths of length two from x to bi, i = 1,2, . . . ,;‘. 
having only x in common (in fact, there is a matching of ;’ arcs from ‘4, to B,). These 
paths define the routings from x to bi in R,. 
(iii) Any other path of R, not fixed in (i) and (ii) is defined arbitrarily. 
Let y now be an arbitrary fixed vertex of D. Notice that for each X, x # I:, the paths 
of(i) (at least 1 A,] - 1 of which terminate at some z # I’) do not give a load to y, and 
the paths of (ii) give a load at most one to y, since only one of the R,(x, hi) can go 
through?,. It follows that [,(D, R,, y) <(II - l)(n - 2) - Cxfr[IA,I - 1 + (~3, - l)]. 
Since IA,( + ;‘z >, 2k, we obtain t”,(D) .< n2 - 3n + 2 - (n - 1)(2k - 2) = jr2 - 
(2k + 1)~ + 2k. 
(ii) We prove that the upper bound of(i) is attained by a digraph D obtained by 
adding a new vertex x to C”,I: and joining x with each vertex of CiI : by two opposite 
arcs. Clearly. D is k-connected. Moreover, since D has diameter two, between any two 
vertices j’ and z of distance at least three in C’zI i, JXZ is the unique shortest path in D. 
Therefore c,,,(D) = <JO, s) = n2 - (2k + 1)~ + 2k, for n 3 2k + 1. 0 
We note that Theorem 2.5 implies that a k-connected undirected graph G of order n. 
II 3 2k + 1, satisfies t,(G) < n2 - (2k + 1)~ + 2k. This upper bound was proved for 
k >, 3 and n 2 8k - 10 in [IS]. In contrast to the technical proof of [S], the argument 
presented here is much simpler. Also, the latter is constructive in the sense that it 
yields a routing R, with t,(D, R,) < n2 - (2k + 1)~ + 2k in polynomial time. 
We do not have a sharp analogue of Theorem 2.5 for the load of arcs. but we 
propose the following conjecture. 
Conjecture 2.6. Let D he a k-connected digraph of order II. n > 4k - 1 ttnd k > 1. Th 
n,,(D) d n2 - 3(2k - 1)n + 9k2 - 7k + 1. 
If true, this conjecture would be sharp as shown by a digraph consisting of four 
disjoint independent sets A, B, C, and E with cardinalities n - 3k + 1, k - 1. k - 1. 
and k - 1. respectively, two further vertices x and !:, and all arcs from A to B, from 
Bu (x) to C, from C to Eu(y}, from E to A, from AuB to X, from 4’ to EuA, and 
from x to J‘. The digraph D obtained in this way is k-connected and satisfies 
n,(D) = n,(D, R,,, (s, I‘)) = n2 - 3(2k - 1)~ + 9k’ - 7k + 1 for n large, since the arc 
(x. 4’) is contained in the unique shortest path from any c to any z such that either of 
the following conditions holds: P. z E A; u E A, z = 2‘; L’ = x, z E A; 1’ = N. z E B: L‘ E E. 
z = v: or r = .Y, -7 = ~3. 
Some partial support to Conjecture 2.6 is given by the following theorem. 
Theorem 2.7. Let D he u k-connected diyraph of order n, k > 1 md n > 4k - 1. Therz 
n,(D) < n’ - (3k + 2)n + 4k + 3. 
Proof. For each vertex x of D, set A, = r+(x). B, = r+ (A,) - {x) and C, = 
r’(B,) - (A,u ix)). Since D is k-connected, we have lAxI 3 k, and also IB,( 3 k 
whenever C, # 8 (cf. Claim 1 in the proof of Theorem 2.5). 
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Now we define a routing R, of shortest paths in D as follows. 
(i) For each vertex x of D, the paths of R, of length ones starting at x are the arcs 
from x to A,. 
(ii) As in the previous proof, we choose min(k, l&l) disjoint paths of length two 
from x to B,. The other 1 B,J - min(k, ) B, I) paths of R, of length two starting at x and 
ending in B, are defined arbitrarily. 
(iii) We define yX = min(k, I&l) paths starting at x and ending in C, as follows. 
Since D is k-connected and k 2 yx, it follows from Menger’s theorem that there are yX 
disjoint paths from x to C,. Not all of these paths need to belong to R,, since some of 
them may not be shortest. Let 6,, 0 d 6, d yX, be the number of those paths which 
have length three and therefore belong to R,. 
(iv) Any other path of R, is defined arbitrarily, subject to the minimality condition 
on R,. 
In the following claim we obtain a relation among yX, 6,, and 1 B,(. 
Claim 2. IB,( + 6, 3 27,. 
Proof of Claim 2. Among the yX paths defined in (iii), yX - 6, have length at least four 
and therefore each of those paths passes through at least two vertices of B,. (In fact if 
a path of length four goes through one vertex of B,, then it uses at least two vertices, 
say z1 and z2 of A,; hence we replace the segment x . , . z1 . . z2 by the arc (x, z2).) Also, 
the 6, shortest paths meet B,. Since the paths are vertex-disjoint, we obtain 
lBxl 3 2(yX - 6,) + 6,, that is, jB,( + 6, 3 2y,, as claimed. 0 
Let now e = wz be a fixed arc of D. If w # x, then the paths of(i) do not give a load 
to e, the (B,I paths of (ii) together give load at most one to e, and there are at least 
6, - 1 paths of (iii) which do not load e at all. On the other hand, if w = X, then there 
are at least (A,1 - 1 + min(k - 1, I B,( - 1) + 6, - 1 paths starting at w which do 
not pass through e. Finally, if x = z, then no route starting from x can load e. It 
follows that 
n,(D,R,,e),<(n-2)(n-3)- c CIA,I+I&l-I+&--11 
X(X#W,Z) 
+ n - 1 - [IA,,,/ - 1 + min(k - 1, lBwl - 1) + S, - 1 
,( (n - 2)(n - 3) - (n - 2) min [IA,1 + lBxl - 1 + 6, - l] + 12 - 1 
XZW 
- [lAwI 1 + min(k 1, (B,J 1) + 6, 11. - - - - (*) 
If I C,( 3 k, then IA,/ + jB,( - 1 + 6, - 1 > 3k - 2, since IB,( + 6, > 2k by the 
claim. On the other hand, if lC,l <k - 1, then IA,.1 + lBxl = n - 1 - lC,I b 3k (by 
n 3 4k - 1) and therefore we have again IAX1 + I B,I - 1 + 6, - 1 3 3k - 2. In both 
cases, since the last term in (*) is at least 2k - 2, we obtain that z,(D) d 
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n2 - 5n + 6 - (n - 2)(3k - 2) + n - 1 - 2k + 2 = n2 - (3k + 2)n + 4k + 3. (Note 
that if 6, = 0, then we do not have to subtract an additional 1, i.e. the last term in (*) 
becomes lAwl - 1 + min(k - 1, \&,I - 1)) 0 
2.1. Routings with a uniform load 
We close Section 2 with two results concerning upper bounds on the forward- 
ing index of routings that load uniformly the vertices or the arcs in a k-connected 
digraph D. 
Theorem 2.8. Let D be a k-connected digraph of order n and let p and r be integers, 
p 3 1 und r > 0, such that n = kp + r + 1 and r < p. If there exists a routing of shortest 
paths in D that loads all vertices of D equally, then 
(i) t,(D) < p(k(p - 1) + 2r)/2 and 
(ii) the upper bound of(i) is sharp in the sense that there exists an infinite family of 
k-connected digraphs D on kp + r + 1 vertices satisfying c,(D) = p(k(p - 1) + 2r)/2. 
Proof. (i) Our argument is based on the following claim. 
Claim 3. For each vertex x of D, we have CyGVCmd(x, y) d (p + l)(kp + 2r)/2. 
Proof of Claim 3. Let us put A0 = (x}, and define recursively the sets Ai = 
r+(Ai-l) - ijlJ<,j<i-lAj L e m denote the minimum subscript such that A, = 8. t 
Clearly, C9EV(D) d(x,y) = IAll + 21A,I + ... + (WI - l)IA,_,I. Since IAi( + lAzl + 
... +I&-,J=kp+r and lAil3k for l<i<m-2, we obtain that (Ail+ 
21,421 + ... + (m - l)(A,_,l < k + 2k + ... + pk + (p + 1)r < kp(p + 1)/2 
+ (p + 1)r = (p + l)(kp + 2r)/2. Consequently, xYtvcn,d(x, y) B (p + l)(kp + 2r)/2. 
as we claimed. 0 
Using now Proposition 1.1 (ii), we obtain 
5,(D) = (l/n) c ((P + l)(kp + W/2 - (n - 1)) 
J 
= (l/n) 1 ((p + l)(kp + 2r) - 2kp - 2r)j2) 
= p(k(p - 1) + 2r)/2. 
(ii) We prove that the upper bound of (i) is attained by the digraph C”,, where 
n = kp + r + 1. It is clear that the number of vertices at distance i from a vertex x is 
equal to k for every i, 1 d i d L (n - 1)/k 1. H ence, by Proposition l.l(ii), it suffices to 
show that some routing R, of shortest paths in Cl loads all vertices equally. 
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Choose an arbitrary shortest path Pj = xj(olXj(l) . . . xj(d), Xjco) = X1, xj(d) = Xj, from 
~1 to each Xj # ~1, where d is the distance from xi to xj. Assuming now 
that j’ = i + j - 1 (modn), the route from Xi to Xj, is defined as 
xj(0)+i-lxj(l)+i-l ... xj(d)+i-l. It is clear by the rotational symmetry of Ci that all 
those routes are shortest paths in Ci and the loads of all vertices are equal. 0 
In the following result we deal with routings which load uniformly the arcs of D. 
Theorem 2.9. Let D be a k-connected digraph of order n and let p and r be integers, 
p > 1 and r 3 0, such that n = kp + r + 1 and r < p. If there exists a routing of shortest 
paths in D that loads all arcs of D equally, then z,(D) < (p + l)(kp + 2r)/(2k). 
Proof. By Claim 3 (given in the proof of the previous theorem) and by Proposition 1.2, 
we obtain G@) = (IIIHD)l)C.,,~,,~,, 4x, v) d U/IW)I)C,C(P + l)(b + W/21 = 
(l/IE(D)I)[n(p + l)(kp + 2r)/2]. Since D is k-connected, we have IE(D)I B nk and 
therefore z,(D) 6 (p + l)(kp + 2r)/(2k). 0 
The upper bound of this latter theorem is attained by C,’ for k = 1. Moreover, it is 
the best possible for k = 2, as shown by the symmetric cycle of length y1 (see [l, 91). 
Fork > 3, however, we do not know if the above bound is sharp. As a matter of fact, 
it can be shown that for n 3 2k + 1, Ci never admits a routing with equal loads on 
the arcs. 
3. Minimum half-degrees 
The aim of this last section is to provide the best possible general upper bounds on 
the forwarding index of digraphs with minimum in-degree and out-degree at least k. 
We begin with the simpler case where the vertex loads are considered. 
Proposition 3.1. Let D be a strong digraph on n vertices and half-degrees at least k, 
where k 3 1 and n 3 k + 1. Then t,,,(D) ,< n2 - (k + 2)~ + k + 1. 
Proof. Let x be an arbitrary vertex of D. Any vertex y in D - x has minimum 
out-degree k - 1 and therefore [,(D, R,, x) < (n - l)(n - 2)(n - l)(k - 1) < n2 - 
(k + 2)n + k ;t 1, as we claimed. 0 
Since t(D) d t,(D) trivially holds, we also have 
Corollary 3.2. Let D be a strong digraph with half-degrees at least k. Then t(D) < 
n2 -(k + 2)n + k + 1. 
Proposition 3.1 and Corollary 3.2 both are sharp. Indeed, let us define a family of 
digraphs D satisfying t(D) = t,(D) = n* - (k + 2)n + k + 1, as follows. For given 
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positive integers k and p, consider p complete digraphs AI, . Ap. where 
A, = ... = A, = Kz. The digraph D has vertex set V(D) = Ul~iipl/(Ai)U(X) and 
arc set E(D) = u IQi~,E(Ai)u((~,z),(~, )I x z~A~u~~~uA~].Ttisnotdifficulttosee 
that D has half-degrees k and t(D) = c,,(D) = ((D, R, x) = <,(D, R,,,. .Y) = 
n2 - (k + 2)n + k + 1. 
Concerning the index n,,,(D), we prove the following result. 
Theorem 3.3. Let D he a strong digraph on n vertices and haljldegrees at least k, \‘~here 
II is .su@ciently large compared to k. Then nir,(D) d max[.f;(n, k),f2(n, k)], \vhere 
/-I(& k) = M2 - 3kn + 2k2 + k andf,(n, k) = n2 - (2k + 3)n + k2 + 4k + 3. 
Proof. For k = 1, n,(D) <fi(n, 1) was proved in Proposition 1.2. In what follows. 
assume k >, 2. Let e = (x, y) be any arc in D. We shall prove that there exists a routing 
R, of shortest paths satisfying xr,(D, R,, e) <f(n, k) = max [fi(n, Ii), fi(n, k)]. Con- 
sider the sets A = (z # xld(z, x) < d(z, y)l and B = (z # y(d(y, z) < d(x, z)). It is clear 
that if any shortest path from some u to some v contains the arc e, then u E A u (~1 and 
u~Bu(~).Thus,puttinga=IA).h= IBIandq=IQ/,whereQ=AnB,weimmedi- 
ately obtain that 7cm(D, R,, e) < (a + l)(b + 1) - q (the term - q standing for pairs 
(z. z). z E Q, for which we need not define a path). Since q > max [a + h - (n - 2). O] 
(with q = a + b - (II - 2) if and only if AuB = V(D) - is, y))_ the previous inequal- 
ity yields 
n,,(D, R,n, e) < ah + n - 1. (1) 
Recalling that the half-degrees are at least k, we have a < n - k - 1 and 
h < n - k - 1. Without loss of generality, we assume that h d a. Thus, (1) implies the 
theorem unless a = n - k - 1, and b = n - k - 2 or h = n - k -- 1, since we can 
rewritef,(n, k) as (n - k - 2)2 + n - 1 or (n - k - l)(n - k - 3) + ~1. Below we show 
that even for large a and b, (1) can be strengthened. We set C = V(D) - (A u ix. yi ). 
Hence. assuming a = n - k - 1, ICI = k - 1 holds. Moreover, each vertex of C dom- 
inates J, since there is no arc from A to y. We distinguish between two cases depending 
on the existence or not of arcs from A to C. 
First case: No vertex of A dominates any vertex ofC. By the degree conditions, every 
vertex of C is dominated by x, and therefore none of them belongs to B. Consequently, 
Q = B and I A - B( < 1. Since A does not dominate y, the minimum out-degree in the 
subgraph induced by A is at least k - 1. Thus, there are at least (k - 2)(n - k - 1) + I 
or(k-l)(n-k-l)arcsfromAtoB,accordingasb=rz-k-2orb=n-k-l. 
Therefore, (1) can be improved to 
n,(D, R,, e) d (n - k - l)(n - k - 2) + n - 1 - (k - 2)(n - k - 1) + 1 (2) 
or 
n,(D, R,,, e) d (n - k - 1)2 + n - 1 - (k - l)(n - k - 1). (3) 
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If k B 3, then the right-hand sides of (2) and (3) are at mostf,(n, k). On the other hand, 
if k = 2, then (2) implies nm(D, R,, e) <fi(n, 2), and (3) implies rc,,,(D, R,, e) 6 
fI(n, 2) + 1. Note, however, that Au B # V(D) - {x, y}, and therefore (1) - as well as 
(3) - is a strict inequality. Thus, ~~(0, R,, e) <fi(n, 2) holds in either case. 
Second case: There exists at least one arc from A to C. The key idea of the proof is to 
modify the routing for those pairs U, u of vertices, u E A and v E Bu { y>, where the 
shortest path of the routing contains (x, y) but u dominates some vertex, say z, in C. In 
such a situation we replace the first two arcs (u, x) and (x, y) of the u-v path by (u, z) 
and (z, y). We shall refer to this step as the (x/z)-transformation for u. Observe that if 
the load of (x, y) is bigger than max( fi (n, k), f2(n, k)), then the load of (z, y) does not 
become larger than max( fi (n, k), f2(n, k)) p rovided that n is large enough) even if we 
do the transformation simultaneously for two distinct vertices u and U’ of A. It will 
also turn out that the upper bound can be ensured for the load of (u, z) too, if this pair 
is chosen appropriately. To facilitate the discussion, in what follows, an arc e’ from 
A to C will be called small if rc,(D, R,, e’) d max(fi(n, k), f2(n, k)) - (b + 1). Other- 
wise it will be called large. 
Claim 1. Zf two distinct vertices u and u’ of A are both incident to small arcs, then 
~0, R,, e) < max (fi (n, k), fz (n, k)). 
Proof. Clearly, the (x/z)-transformation is possible for both u and u’. Thus subtracting 
the number of paths from u to (Bu {y>) - {u} and from U’ to (Bu {y}) - {u’>, (1) is 
improved to n,(D, R,, e) d ab + n - 1 - 2b = (a - 2)b + n - 1 d (n - k - 3) 
(n - k - 1) + n - 1 < fz(n, k). 0 
Claim 2. Any two large arcs are vertex-disjoint. 
Proof. If two large arcs meet at some vertex r, then r is included in at least 
2[max( fi (n, k), f2(n, k)) - (b + l)] > n(n - 1) paths, a contradiction to the definition 
of a routing R for n large enough. 0 
Claim 3. Assume that there is a vertex z in C dominated by precisely one vertex u of A. 
Then the arc(u, z) is small, and therefore the (x/z)-transformation is feasible for u. 
Proof. It suffices to prove that the arcs (u, z) and (x, y) cannot occur together in any 
shortest path from A to B. Observe first that (u, z) cannot precede (x, y), since 
u dominates x and therefore the shortest path cannot contain the intermediate vertex 
z. To prove that (x, y) cannot precede (u, z) either, we notice that x or y dominates 
z (since z is dominated by at most k - 2 vertices of C and just one vertex of A, but it 
has in-degree at least k). This completes the proof. 0 
Based on the above observations, we can now assume that all small arcs are 
incident to the same vertex denoted u in A, the large arcs (ui, zr), (Q, zz), . . . , (u,, zJ, if 
Y. Manoussakis et al. / Discrete Applied Mathematics 658 (1996) 279-291 289 
any, form a matching, and all their endpoints Zi are dominated by U. In fact the 
situation is even simpler than this, as shown by the following claim. 
Claim 4. There is at most one large W-L’ not incident to u. 
Proof. Suppose that (u,, zi), (uz, z2) are two disjoint large arcs not incident to U. We 
prove that they cannot occur together with the arc (x, y) in any shortest path from 
A to B. This will contradict the assumption that both are large. The argument will be 
a slightly more complicated version of the proof of Claim 3. We can see that (ui, zl) (or 
(u2, z2)) cannot precede (x, y) since u1 and u2 dominate x, therefore both should be 
after (x, y) in any shortest path. If either x or y dominates Zi then clearly any shortest 
path through (x, y) avoids the intermediate vertex(ices) Ui. On the other hand, if 
neither x nor y dominates zi, then zi is dominated by all vertices of C because of the 
in-degree conditions. Thus, depending on the order of the arcs (ui, zi), (uz, z2) in any 
shortest path, either (z,, z2), or (z2, zi) creates a shorter path, a contradiction. This 
completes the proof of the claim. 0 
Next, we settle the case where there is precisely one large and one small arc, showing 
that this is, in fact, impossible. 
Claim 5. Zf u dominates just one vertex z in C, u1 # u and z1 = z, then the upper bound is 
valid. 
Proof. By Claim 1, it suffices to show that both (ui, z) and (u, z) are small arcs. 
If x or y dominates z, then, by using arguments similar to those of the proof of 
Claim 3, we can see that (x, y) and (u, z) cannot occur together in any shortest path 
from A to B concluding that (u, z) is a small arc. Since the arc(u, z) is also small by 
assumption, the conclusion follows for this case. 
In the sequel assume that neither x nor y dominates z. Now consider any vertex 
z’ # z in C. Then z’ is dominated by both x and y, and it dominates z, otherwise (x, y) 
cannot occur in any shortest path together with (ui, z) or (u, z). Consequently, the path 
xz’z is shorter than any path from x to z containing y and u or u’. But this again 
implies that (x, y) does not occur with any of those arcs in any shortest path from A to 
B, proving the claim. q 
The next claim completes the proof of the theorem. 
Claim 6. If u has degree at least two in C, and there is at most one large urc not incident 
to u, then the upper bound is valid. 
Proof. The routes going through u are distributed between the arcs (u, z) and (u, z’). 
therefore we can assume that one of them, say (u, z), has small load. If b = n - k - 2, 
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then the (x/z)-transformation for u yields n,(D, R,, e) d ab + n - 1 - b = (a - 1)b 
+ n - 1 d (n - k - 2)2 + n - 1 =f2(n, k). Hence, let a = b = n - k - 1. Comparing 
values off2(n, k) and the right-hand side of (1) it suffices to show that the latter can be 
improved by subtracting at least 2b - 1. 
Notice that, by the actual structure of the graph imposed by the previous 
claims, if one large arc, say (u’, z,), exists, then U’ # u by assumption, and zr = z 
(otherwise if zi # z, then (u’, zr) is a small arc by Claim 3 and thus the (x/z)- 
transformation should be possible for both u and u’). Furthermore, z E Bn C. In 
fact, if z E C - B, then by the definition of A, B, and B - C, d(x, z) < d(y, z) 
and therefore the arcs (x, y) and (u’, z) cannot occur together in any shortest path 
from A to B (this can be easily seen by using the arguments of Claim 3). This implies 
that (u’, z) is small, a contradiction to the hypothesis of the claim that it is 
large. 
Suppose first u E A - B. Then B - Q is not empty (because A - B is not empty 
either) and u dominates each vertex in B - Q (because B - Q is a subset of C, 
ICJ = k - 1 and each vertex of C has in-degree at least k). We first modify each of the 
b + 1 paths from u to B u { y) by the (x/z)-transformation, thus subtracting b + 1 from 
(1). Next, for each vertex w of A - (u}, we show that there exists at least one path from 
w to B which does not go through the arc (x, y), and this will permit to subtract also 
a - 1 from (1). If the large arc (u’, z) exists and if w = u’, then the u’-z path is the arc 
(u’, z) (remember that z belongs to B, as we proved before). In the sequel, assume that 
either there is no large arc or w # u’. If w does not dominate U, then it must dominate 
a vertex s in Q (because of the out-degree conditions, by (A - BI d k - 1, and since 
w does not dominate any vertex of C). Then the w-s path should be the arc (w, s), and 
such a path clearly avoids (x, y) since it has length one. On the other hand, if 
w dominates u, then any shortest w-z path has length two, and again it does not go 
through the arc (x, y). In this way, we can subtract at least (b + 1) + (a - 1) = 
(b + 1) + (b - 1) = 2b > 2b - 1 from (1). 
Assume next u E Q. Now we first modify each of the b paths from u to 
@J(Y)) - I4 by using the (x/z)-transformation for u and thus subtracting b from (1). 
Next, as above, for each vertex w of A - {u}, we show that there exists at least one 
path from w to B which does not go through the arc (x, y), and this will permit to 
subtract also a - 1 from (1). As in the previous case, if the large arc (u’, z) exists and if 
w = u’, then the z&z path is the arc (u’, z). Assume therefore w # u’. Notice that each 
vertex w of A-Q dominates some vertex s of Q (since w has out-degree at least k, 
IA - BI < k - 1, and w does not dominate any vertex of C), and therefore, obviously, 
such w-s paths of length one avoid the arc (x, y). The same holds for arcs (w, s) with 
w, s E Q, w # u. Suppose that some w E Q - {u} dominates no vertex in Q. Then 
a - q = k - 1 and w dominates all vertices of (A - Q)u (x}. Since every r E A - Q 
dominates some w’ in Q, we can modify the path w-w’ unless w = w’. Observe, 
however, that this situation can occur for just one w (since each w dominates all 
vertices of A - Q). Since .x dominates each vertex in A - Q, we can also modify the 
path from x to w, by considering the path xtw, t E A - Q, instead of the path xyw. 
Y. Manoussukis et al. / Discrete Applied Mathematics 68 (1996) 279-291 791 
Consequently, we can subtract at least h + (n - 2) + 1 = 2h - 1 from (1). This com- 
pletes the proof of Claim 6 and the proof of the theorem. 0 
The upper bound in Theorem 3.3 is the best possible for every n and k > 2, as shown 
by the following constructions. 
Construction for ,f,(n, k): For given positive integers k and p, p 2 2. consider 
p complete digraphs AI, . . . , A,,, where A, z K,*_, and A2 z ‘.. z A, 2 K,*. We 
define a digraph D with vertex set V(D) = U lGis,jV(Ai)u (_Y, y) and arc set 
E(D) = u l<i<pE(Ai)Uj(y,Z)IZE A~u ... ~A,)u((z,.Y)~zE A~u ..’ uA,)u 
((.L=,> (=,2.)l~~A~)u((~,y) 1. Put e = .Y_v. The graph D has half-degrees k and 
n,,(D) = rr,(D, R,, e) = (n - k - l)(n - k - 2) - (n - k - l)(k - 1) + 2(/r - k) - 
1 = (M - k - l)(n - 2k - 1) + 2(n - k) - 1 = 11’ - 3kn + k’ + k =fi(n. k). 
Corlstructionfor,f2(n, k): Let us define a digraph D consisting of two disjoint complete 
graphs A. B on k vertices each, an independent set Sn-26- 2, two new vertices X. 2: and 
all arcs between A and X, from Sn_2k_2 to x u A, from 2‘ to S,_ 26-2, between B and x. 
from B to Sn_Zk-2, and the arc e = (x, y). The graph D is strong, it has half- 
degrees k and satisfies n,(D) = rc,,(D, R,, e) = IR(Au (.Y;, BLJS,_~~-~U iy) )I + 
IR(S,m2k_2, S,,-lk_z)l + IR(Sn-2k_Z, B)I = n2 - (2k + 3)~ + k’ + 4k + 3 =,f?(n, k). 
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